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Abstract-The present paper uses a recently developed technique to obtain solutions for an
elastic plate acted upon by loads with finite characteristic dimensions. Exact two dimensional
transform solutions are derived for a plate suddenly loaded on one of its bounding surfaces.
The transform solutions for a general load are rearranged into infinite sums representing
multiply-reflected shear and dilatational waves. The interpretation of the infinite sums is
verified by ray tracing. The final expressions are used to deduce the Green's function for the
velocity. Numerical results are presented for a step function input.

INTRODUCTION

In recent years, several computer codes have been developed to solve wave propagation
problems for linear and non-linear material laws. These codes involve loads applied over
finite spatial regions. The development of the codes was made necessary by the practical
application of the solutions to determining structural response, and also by the fact that
the analytical solution of problems involving these loads leads to extremely difficult mathe
matical analyses, even with simple linear material laws. Although the numerical codes have
been used to solve very complicated, but realistic problems, there remain many questions as
to their accuracy. Within this context, the present work, dealing with an elastic plate, is
intended as a sample solution for comparing computer generated solutions.

The most common elastic sources that have been used in the past are points, infinite lines,
and plane sources. However, very few analytical papers dealing with finite loads have been
published, and much work is needed in this area. The simplest problem in this category is
that of an axially symmetric load, and, for this case, solutions exist for various material
geometries [1-5]. To consider more general types of sources, the author undertook the task
of developing analytical tools to solve problems with finite sources [6-8]. The key to the
development was the introduction of a parameter which acted as the spatial analog of
artificial viscosity. The parameter made possible an extension of de Hoop's transformation
to problems where the solution has singularities on the real axis of the Fourier transform
plane. The present paper contains the necessary analysis for finite loads on a plate.

In references [6-8], there was only one" interface," and no reflected or transmitted waves
appeared. Results will now be obtained for two or more interfaces. These results will be
derived by the technique of reflectivity and transmissibility coefficients. The technique

t This research was supported by the United States Atomic Energy Commission.
t Member of Technical Staff, Code Application Division.
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consists of finding the n-th reflected and transmitted waves from the (n - l)-th reflected and
transmitted waves. To consider types of problems more general than those treated previously,
one must begin by developing suitable reflectivity and transmissibility coefficients for various
kinds of interface conditions. The reflectivity coefficients to be presented here are intended
to serve as a guide for developing three dimensional reflectivity and transmissibility coeffi
cients, and are most closely related to those discussed by Phinney[9]. These coefficients
relate the displacement potentials of the incoming field to the displacement potentials of the
reflected field.

An elastic plate is the simplest structure where interfaces become important. In fact, in
many respects, wave propagation in elastic plates is analogous to propagation in layered
spaces, as was indicated in [26, p. 281]. Procedures for developing solutions can be very
similar, and several wave types encountered in layered-space problems also appear in plate
problems. By these arguments, it seems reasonable to investigate wave propagation in a
plate and develop requisite reflectivity and transmissibility coefficients. The problem of a
plate suddenly impacted on one of its bounding surfaces is considered here, and the exact
two dimensional transform solution is derived for general loading conditions. The transform
solution is then rearranged into infinite sums representing multiply reflected shear and
dilatational waves. The interpretation of the infinite sums is verified by doing a ray tracing
analysis of the problem. This ray tracing involves the use of reflectivity coefficients which are
derived in the process. As in [6], the present two dimensional work will serve as the basis for
the forthcoming three dimensional analysis.

The general results are used to find the Green's function for the velocity. This Green's
function is then used to deduce numerical results for a step function stress input over half of a
bounding surface.

PLANE CASE

The basic ideas will be developed via the two-dimensional case. These ideas will be pre
sented in detail since they are directly applicable to the three-dimensional case. The reader is
assumed to be familiar with Cagniard's technique as given in [6-8]. After the posing ofthe
problem, the formal solution will be obtained by the usual application of integral transforms.
Ray theory will then be used to rederive the formal solution. Ray theory will be the main tool
for solving the three dimensional plate problem and layered half space problems with finite
loads.

Statement of the problem

In a rectangular coordinate system, consider an elastic plate confined to 0 ;s; y -s.h. A
normal load is suddenly applied, at time t = 0, to the surface y = 0, as shown in Fig. 1.
The governing wave equations are

(1)

The potentials <I> and'" are related to the displacements through

u = V<I> + Vx"', (2)



(3)
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Fig. I. Geometry of the general problem.

where Cl and Cz are the wave speeds, pc/ = A+ 2jl, pc/ = jl, Aand jl are the Lame constants,
and p is the material density. The stress-strain relations needed in the sequel are

B.. = ~ (OU i + OUj) ,
IJ 2 OXj OXi

where b ij is the Kronecker delta. The initial conditions are taken as

C1l(x, y, 0) = oC1l(x, y, O)/ot = \jI(x,.y, 0) = o\jl(x, y, O)/ot = 0,

representing quiescence at t = 0. It will be assumedt that Uz vanishes everywhere and that
Ux and uy are independent of z. These assumptions give .yz = .xz = Bzz = 0, and \jI = '"ez'
where ez is the unit vector in the z direction. The boundary conditions for the problem are

.xix, h, t) = .Yix, h, t) = .xix, 0, t) = 0,

.Yix, 0, t) = /l9(x, t),

where g(x, t) is the loading function.

(4)

(5)

Formal solution

The one-sided and two-sided Laplace transforms to be used here are defined, respectively,
by the equations

lex, y,p) =L(f) = {" I(x, y, t)e- pt dt,
o

I c+ ioo

I(x, y, t) = -2.f J(x, y, p)ept dp,
1t1 c-ioo

lL(k, y, p) = foo lex, y, p)ePkx dx,
-00

(6a)

(6b)

(7a)

(7b)

where c is chosen to the right of any singularity off. In accordance with Lerch's theorem

t These assumptions yield the plane strain easelI0, p. II].
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(11)

(12)

(13)

[11, p. 345], it is sufficient to assume in (7) that p is a real positive number, for this guarantees
a unique inverse. In (7b) the path of integration lies within the strip of convergence [12].

The application of (6a and 7a) to the first of equations (1), using the indicated initial
conditions, leads to the ordinary differential equation for <l>L and its solution

d2<l>L
d
y

2 + p2k 2<l>L = a/p2<l>L, aic i = L (8)

<l>L(k, y, p) = A(k, p)e-pqtlk)y + B(k, p)ePq,(k)Y (9)

1J;(k) = (ai2 - k2)1/2, RelJi(k) > 0, (10)

where for definiteness the branch RelJi > °is selected. Similarly, one finds that

~L(k,y,p) = C(k,p)e- pq2(k)Y + D(k,p)ePq2(k)Y.

The transform of the stress equations (3) leads to

1'~v(k, y, p)/Ilp2 = (a2 2 - 2k2)<l>L(k, y, p) + 2kIJ2(k)[ - C(k, p)e - pq2(k)y

+ D(k, p)ePq2(k)y],

1';/k, y, p)/llp2 = (a22 - 2k2)~L(k, y, p) - 2kIJ1(k)[ - A(k, p)e - pq,(k)y

+ B(k, p)ePqdk)y)].

The application of the boundary conditions (4 and 5) yields, after some algebra,

2p2(a 2 2k2)A(k p)
2g~k, p) , = JlI(k, X, Y)[R2(k)(1 - XY) + S2(k) Y(X - Y)

+ R(k)S(k)(1 - y 2)], (14)

2p2(a/_~:k2;B(k, p) = v1t(k, X, Y)[R2(k)XY(XY - 1) - S2(k)X(X - Y)
9 ,p

+ R(k)S(k)X2(y2 - 1)], (15)

2C(k )
2k~(k)g~~, p) = Jlt(k, X, Y)[R(k)(XY - 1) - S(k)X(X - Y)], (16)

2 D(k )
k

P k)-~~ ) =JIt(k, X, Y)[R(k)XY(XY-l) - S(k)Y(X - Y)]. (17)
2 1J1(g ,p

In these expressions, one defines

R(k) = (a/ - 2k2)2 + 4k21J1(k)1J2(k).

S(k) = (a/ - 2k2)2 - 4k21J1 (k)1J2(k),

X = exp[ -plJl(k)h], Y = exp[ -PIJ2(k)h],
l/vIt(k, X, Y) = R2(k)(XY - 1)2 - S2(k)(X _ y)2;

gL(k, p) and R(k) are identified, respectively, as the double transform of g(x, t) and the
the Rayleigh characteristic function.

The solution to the plate problem may be obtained in a wave expansion form by the
technique of Article 41, Reference [13]. The technique has been used in [1, 2, 14-22]. The
convergence of the resulting series has been discussed by Mencher[2l] for a three-dimensional
point source, who also outlines the next steps to be taken in the solution. The wave expansion
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form may be obtained by writing..lt(k, X, Y) as

l/..It(k, X, Y) = R2(k)[1 - 2XY+ X 2y 2 - S2(k)(X - y)2/R2(k)], (18)

and expanding in the neighborhood of (X = 0, Y = 0). This can be done by a Taylor series
expansion[l] or by using the relation 1/(1 - z) = LO z" valid for Iz I< 1 [2 and 14-21]. This
gives the infinite sum!/' defined byt

00

!/' = R2(k)..It(k, X, Y) = L (ex + f3)" ,
"=0

p ~ -X'Y', M(k) ~ S(klIR(kJ

(19)

Equations (14-17) may now be written in the desired wave expansion form:

p2A(k, p)R2(k) = gL(k, p)(a/ - 2k2){R(k) + [S(k) - R(k)]XY - S(k)y2}!/" (20)

p2C(k, p)R2(k) = 2kt1t(k)gL(k, p){ - R(k) + [R(k) + S(k)]XY - S(k)X 2}!/" (21)

2R2(k)p2(a2 - 2k2)B(k, p) = gL(k, p){[S2(k) - R2(k)]XY - S(k)[S(k) + R(k)]X 2

+ R(k)[R(k) + S(k)]X2y 2}!/" (22)

p2 D(k, p)R2(k) = 2kth (k)gL(k, p){ - [R(k) + S(k)]XY + S(k) y 2 + R(k)X2y 2}!/,. (23)

The substitution of (20-23) leads to the analog of equation (24) in Ref. [21], where it was
stated that the resulting form "strongly suggests that each integral (resulting from the
infinite sums) is the mathematical representation of one of the reflected waves." The same
interpretation is given in [14-22]. In the next section, it will be shown that this interpretation
is correct, provided that like powers of X 2

, XY, and y 2 be grouped together.
The usual application of transform calculus had led, after considerable algebra, to equa

tions (20-23). In most applications, however, one is interested only in a few reflections;
thus, most of the terms in these equations provide superfluous information. The ray tracing
technique of the next section will provide the terms required for the first few reflections in a
more straightforward manner.

Ray tracing solution

The solution to the posed problem may be obtained in a wave expansion form by con
sidering three canonical problems. These canonical problems generate reflectivity coefficients
that may be used in other problems. Figure 2 presents the geometry of these problems.

Canonical problem A

For this problem, one considers an elastic half-plane to which a normal load is suddenly
applied, at time t = 0, at the surface y = O. Equations (1-5) are applicable here, with (4)
replaced by the single condition

Txix, 0, t) = O. (24)

The solution for the half plane are obtained by setting B(k, p) and D(k, p) in equations
(9-13) equal to zero, and deleting the boundary conditions at y = h. In this case, one finds

p2A(k, p)R(k) = gL(k, p)(a/ - 2k2),

p2C(k,p)R(k) = -2kth(k)gL(k,p).

t This step will be justified by the ray tracing solution.

(25)

(26)



38 FREDERICK R. NORWOOD

LOAD /Jglx, t I

INFINITE HALF-PLANE

y
IAI

INCOMING WAVE=
~ Y'\FREE BOUNDARY

IB)
FREE BOUNDARY,

.",

= INCOMING WAVE

IC)

y • b

Fig. 2. Geometry for the canonical problems A, Band C.

These two expressions represent the limit of equations (20-23) as either p or h approach
infinity. The limit p -. OCJ yields the short time solution which is valid for t < a1h, where
a1h represents the dilatational travel time to the surface y = h. The limit h -. OCJ converts the
plate into a half-plane. These two limits are obtained from equations (20-23) by setting
X = Y = 0, to obtain B(k, p) = D(k, p) = 0 and also equations (25 and 26).

Canonical problem B

In this problem, a half-plane is given by y < h, with the free boundary at y = h. The
incident wave is given by the potentials

it>/(k, y, p) = A(k, p)je -P~l(k)Y, (27)

I[;/(k, y, p) = C(k, p)je -p~2(k)Y. (28)

where the subscript p indicates the direction of the incident wave (positive y-direction). In
this problem one needs to determine the potentials of the reflected field using the stress
boundary conditions at the surface y = h. The reflected potentials are given by

<i'>/(k, y, p) = B(k, p)reP~l(k)Y,

I[;/(k, y, p) = D(k, p)reP~2(k)Y.

(29)

(30)

The total field is the sum of the incoming and reflected field, and is given by equations
(9-13), with the proper subscripts added. The application of the boundary conditions
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leads to

R(k)D(k,p), = -4k'11(k)(a/ - 2k2)XYA(k,p); - S(k)y2C(k,p)i'

R(k)B(k, p), = 4k'12(k)(a22 - 2k2)XYC(k, P)i - S(k)X2A(k, P)i'

To identify the reflecti,,:ity coefficients, one now writes (29 and 30) in the form

(~,~(k, y, p») = Yf(y _ h)!J1lp(~p~(k, h, P»),
!/J, (k, y,p) !/Jp (k, h,p)

(
ep~l(k)(Y-h) 0)

Yf(y - h) = 0 eP~2(k)(Y-h) ,

!J1lp = (RDDP RSDP),
RDSP Rssp

(31)

(32)

(33)

(34)

(35)

(36)

RnDP = - M(k) = Rssp

Rsnp = 4k'1zCk)(a/ - 2k2)/R(k),

Rnsp = - '11 (k)RsDP/'1zCk),

where the first subscript in the reflectivity coefficients indicates the kind of incoming wave
(shear or dilatation); the second subscript, the kind of reflected wave; and the third sub
script, the direction of the incident wave.

Canonical problem C

In this problem, a half space is given by y > b, with the free boundary at y = b. The
incident wave is given in terms of the elastic potentials and one must find the potentials of
the reflected wave. The potentials for the problem are obtained from equations (27-32) by
interchanging the subscripts i and r, and by setting h = b, P = N. This leads to

(~,~(k,y,P») = Yf(b _ Y)!J1lN(~N~(k, b,P»),
!/J, (k, y, p) !/IN (k, b, p)

!J1l - (RnDN RsnN ) -!J1l -1N - R
nsN

R
SSN

- p ,

RnDN = - M(k) = RSSN '

RSDN = -4k'12(k)(a/ - 2k2)/R(k),

RDSN = -'11(k)RsDN/'12(k).

(37)

(38)

Application of the results

In the original formulation of the problem, there were 4 unknowns which were found from
equations (12 and 13) by applying the boundary conditions. Each of the canonical problems
A, Band C involved only two unknowns. Thus, in each case, the algebra involved was
simpler than for the original problem. The results of these problems will now be used to
generate the displacement potentials of the original problem

Define these potentials as the infinite sum

(~~(k, y, P») = f (~;(k, y, P»)
!/J(k,y,p) n=l!/J(k,y,p);
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(39)

(40)

(41)

(42)

where the first term is obtained directly from the canonical problem A and the subsequent
terms are found recursively as will be indicated. From the results of problem A

(
<1>L(k, y, P))
ljJL(k, y, p) 1 = G(k, p)Yf( - y)d(k)

d = C~~;;';l~~~)' G(k, p) = i/(k, p)/p2R(k).

The first solution is now used as the incident wave for the canonical problem B, and the
results represent the second term of the sum. Thus

(
<1>L(k, y, P») .,
ljJL(k, y, p) 2 = G(k, p) Yf(y - h)f!.?p Yf( -h)d(k).

This now serves as the incident wave for the canonical problem C, where b is selected as
zero, and the resulting expression corresponds to the third term of the sum; that is,

(
<1>L(k, y, P)) . ,
ljJL(k, y. p) 3 = G(k, p)Yf( - y)f!.?NYf( -h)f!.?pYf( -h)d(k).

The process is now repeated whereby the expression for the (2n - I)-th term serves as the
incident wave for the canonical problem B, thereby producing the 2n-th term. Then the
2n-th term serves as the incident wave for the canonical problem C, thereby producing the
(2n + l)-th term. By this recursive process, one finds that

(~~(k, y, p)) = G(k. p)Yf( -y).f(nd(k), n = 0, 1,2, ... , (43)
'I'(k,y'P2n+1

( t((kk,Y,P))) =G(k.p)Yf(y-h)f!.?pYf(-h).f(nd(k), n=0,1,2,oo., (44)
'I' ,y,p 2n+2

where..lt' represents the matrix for a reflection at each surface; that is, "It' = f!.?N Yf( - h) .
f!.?pYf( -h). This reduces to

(45)

mIl = X[RbDNX - RSDNRDSN Y],

m l2 = YRDDN RSDN( Y - X),

1n21 = XRDDNRDSJI/(X - y),

1n2 2 = Y(RbDJI/ Y - RDSN RSDJI/ X],

RSDJI/ RDSN = M 2(k) - 1.

This matrix satisfies the characteristic equation

(46)

where :Y. and f3 are given by equation (19). This equation may be used recursively to find
powers ofJ/{ in terms of..l! and the identity matrix I. This givest

t Recall that [n/2] ~ n/2 if n is even, and [n/2] = (n - 1)/2 if n is odd. These results were obtained by the
recursive scheme shown in Appendix A.
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[n I2]( )_" n - r n - 2'f3'an +1 - L r:x. ,
,;0 r

n = 0, 1,2, ... ,

(47)

(48)

n = 0,1,2, .... (49)

n = 1,2,3 ... ,

Expression (38), with the auxiliary relations (39-49) represents a rearrangement of
equations (20-23) such that equal power of X 2

, XY and y 2 are grouped together. This may
be seen more easily by writing

(~~«Z' y, P») = G(k, p)[X( - y) + X(y - h)~pX( -h)] f ultnSII(k). (50)
'I' , y, P n;O

The term n = 0 generates the lowest order terms in powers of X 2, y2, and X Y in equations
(20-23). The term n = 1 gives the second lowest terms in equations (20-23), and so on.
Thus, in equation (50), the term n = 0 represents the waves arising from the impact loading
and the first reflection, and the nth term represents the waves arising from the (n - 1)-th
reflection at the surface y = 0 and the nth reflection at the surface y = h. Equation (50)
contains all the information in equations (20-23).

Having verified that equation (50) reproduces the results of equations (20-23), one now
proceeds to writing an in a more useful form. This is done by using the explicit values of r:x.

and f3 given by (19). The desired form ist

n-l ( )an=L: n+r (Xnn- 1 -'D',
,;0 n - 1 - r

D = M 2(k)(X _ y)2.

Discussion of the plane case

The plane case has served to verify in detail the equivalence of the formal transform
solution and the ray tracing solution. This is an important verification which gives validity
to the previous papers where such an equivalence was assumed. The ray tracing method
conveniently separates like power of X 2

, XY and y 2
, corresponding to separating the

waves in order of reflection. Thus, for a given value of t, one may easily decide how many
terms are needed in the solution. The form of the solution as given by equations (43 and 44)
seems to be the best suited for applications.

The details for the plane case have been presented here primarily for the reason that the
procedure will be applicable to more complicated problems. For these problems, the ray
tracing details need not be repeated, but those details peculiar to the more complicated
problems may then be included in the analysis. For example, in the three dimensional case,
one may abbreviate the details connected with equations (38-45), and proceed to write
equations corresponding to equations (46-50).

Sample problem

To effect the final inversion, gL(k, p) must first be specified. Suppose, as an example,
that g(x, t)J1 is a uniform load applied for x > 0, and, to determine the Green's function in
time, suppose that g(x, t) has a Dirac delta function behavior in time:

t See Appendix A.

g(x, t) = -b(t)H(x). (51)
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As was done in[6-8], this loading function is considered as the limit ¢ -+ °of the expression
[ -exp( -x¢)<5(t)H(x)], where the limit will be taken at an appropriate step in the solution.
The formal application of the transforms to this bracketted expression gives

(52)- 00 < !Jtek < ¢/p,{/(k,p) = pk ~ ¢'

with the indicated strip of convergence. This means that e in equation (7b) may be selected
as zero. To illustrate the form of the contributions, one now proceeds to find the velocity
in the interior of the plate.

From equation (2), it follows that

00
-L 2'\ -L n-L
Vx (k,y,p) = -p L... [k<l> (k,y,P)n - t/2(k)(-I) t/J (k,y,P)n]'

n=1
(53)

00

iJ/(k, y, p) = p 2 I [klfrL(k, y, P)n + t/l(k)( -1)"$L(k, y, P)n]'
n= 1

(54)

The details of the inversion of the two-sided Laplace transform on x are similar to those in
[23], and therefore only an outline of these details will be given here. From equations (47,
50 and 52), it follows that there are three cases to be outlined below that need to be investi
gated. In each case, the singularities in the k-plane of the integrand are the branch points
at ±a1, ±a2' and the simple poles at ± l/cR, and f,/p, where CR is the Rayleigh speed
(Fig. 3). From the results of [6 and 23], one concludes that the solution will have the form

j=x,y,

x- BRANCH POINT
0- POLE

PATH I

PATH n

k-PLANE

Fig. 3. Integration paths in the k-plane.

for x > 0, where v1j represents plane waves directly under the load, and v2j represents the
remainder of the velocity. For x < 0, one obtains equations analogous to (27 and 28) of [6];
that is

V2x(X, y, t) = V2x( - x, y, t),

v2y{x, y, t) = -V2y{ -x, y, t).

Therefore, it is sufficient to direct attention to the region x > 0.
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The first case involves terms of the form

F1(k)
JI L(k, y, p) = pk _ ~ exp[ -P'h(k)z],

where z is a function of y, h, and n. This form leads to the inversion integral

P ioo F (k)
JI(X, y, p) = -. f -k

l
;; exp[ -PYJI(k)z - pkx] dk.

21[/ -iooP -."

(55)

(56)

As was done in[23], for x > 0 one closes the contour to the right of the integration path, as
shown in Fig. 3. Paths I and II are Cagniard paths [25] along which Im(YJ,z + kx) = 0, i = 1,
2. This results in

P f FI(k)
h(x,y,p) = -Fl(~/p)exp[ -PYJI(~/P)Z - x~] + 2ni pk _ ~ exp[ -PYJI(k)z - pkx] dk.

Path)

(57)

It is now appropriate to take the limit as ~ goes to zero. Then, the first term is identified as
the Laplace transform of -FI (O)c5(t - alz), and the second term is transformed as in
equation (18), Ref. [23]. The final result for this case is

(58)

and k l was deduced from t - klx - YJl (k))z = O. Terms of the form (55) represent waves
which started as dilatation and their dilatational reflections.

For the second case, one has terms of the form

(59)

The inversion integral is

P '00 Fik)
Jz(x, y, p) = -2·f. k _ ;; exp[ -PYJ2(k)z - pkx] dk.

1[/ - '00 P ."

By closing this contour to the right of the integration path shown in Fig. 3, one finds that

P f Fz(k)
Jix, y, p) = -Fz(~/p)exp[ -PYJz(~/p)z - x~] + 2ni pk _ ~ exp[ -pYJz(k)z - pkx] dk.

Path II
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Proceeding as for equation (57), one finds, using also the results of [23],

" F2(k l ) okl
f2(X, y, t) = - F2(0)<5(t - a2 z) + PIle L. -k-' - XI(t, X, z)

1=2,3 1m ot
X2 = H( t - a2 p),

x 3 = H[t - a1x - z(a/ - a/)1/2] - H(t - a2P),

_ tx iz 2 2 2 1/2
k 2(x, z, t) - 2 + 2(t - a2 p) ,

p p

tx z. 2 2 Z 1'2k 3(x, z, t) = 2 - 2(aZ p - t ) f ,

P P

(60)

where k2 and k 3 were deduced from t - klx - YJ2(k/)z = O. The term I = 3 is applicable only
for x in the range C1X > C2 p.

The third case is a generalization of the preceding two cases and involves terms of the form

- L F3(k)
j~ (k, y, p) = pk _ ~ exp[ -PYJI(k)w - PYJ2(k)z]. (61)

This case reduces to either the first or the second case, depending on whether z or ware
identically zero. In this discussion, however, z and w will be assumed nonzero. For x > 0,
once again, the contour is closed to the right of the integration path. The details of the
integration are similar to those in the first case, resulting in

(62)

where Path III is also a Cagniard path along which Im[YJl(k)w + YJz(k)z + kx] O. Con
tinuing as for equation (57), one finds the final result for this case:

[
F3(k4)Ok4]

f3(X, y, t) = - F3(0)<5(t - al W a2 z) + PIle k
4

ni at X4(t, x, z, w),

xit, x. z. w) = H(t - t3 ),

where k 4 • as a function of x. z. w, and t, is deduced from

(63)

(64)

(65)

and, like k 1, k 4 has a positive imaginary part. 13 represents the value of 1 at the intercept of
Path III with the real axis.t Chapter 5 and Appendix I of Ref. [24] discuss various properties
of k 4 on the Cagniard path; however, for the present paper, these discussions need to be
expanded to cover information needed for a numerical evaluation of the results. For
clarity's sake, this expansion will be accomplished in Appendix B. From the results of
Appendix B. t3 ~ alw + a2z.

t Appendix B indicates how t3 may be found.



Transient response of an elastic plate to loads with finite characteristic dimensions 45

Since all of the difficulties which might be encountered in the transform inversion of
VxLand v/ have already been treated in equations (55-65), it now remains to determine the
specific form of11,/2' and 13 arising from each value of n in equations (53-54). It seems
reasonable to expect that, just as in the case of cl>n, t/Jn, vl/n, and an' a general form could be
derived forIi' Rather than to spend some effort deriving this general form, one now proceeds
to obtain specific contributions to Vx and vy • These contributions will be given by Vi(X,y, t, <l>n)
and Vi(X, y, t, t/Jn)' i = x, y.

From equation (43),

This leads to

cl>L(k ) = gL(k, p) ( 2 _ 2k2) - p~l(k)y
, y, P 1 p2R(k) a2 e ,

-L(k )
,T,L(k ) = _ 2k (k)~ - p~2(k)y
'/' ,y,Pl 111 p2R(k)e .

V L(k <I> ) _ k(a/ - 2k
2
) - p~l(k)y

x , y, P, 1 - - R(k)(pk _ ~) e ,

(66)

(67)

which is of the form (55), with F1(k) = -k(a/ - 2k2)/R(k), and z = y. Thus, by equation
(58), it immediately follows that

(68)

where Xl and k 1 are given by (58) upon substituting y for z. Also,

(k)(a 2 2k2)V L(k <1» = _ 111 2 - -p~t<k)y
y , y, p, 1 R(k)(pk _ 0 e ,

which yields, via equation (58),

2 [111(k1)(a/ - 2k/) Ok1]vy(x,y,t,<I>1)=C2 a1b(t-a1y)-fJfe. - X1(t,X,y).
mR(k1)k1 at

Likewise

V L(k ,I, ) = 2kl11 (k)112(k) - p~2(k)y
x ,y,P' '/'1 R(k)(pk-o e .

2k2 (k)- L(k ,I, ) _ 111 - p~2(k)y
vy , y, p, '/'1 - - R(k)(pk _ ~) e .

These expressions are of the form (59) and automatically yield the results

(69)

(70)

(71 )
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where k l and Xl are given by equations (60), with z replaced by y. Equations (68-71) represent
the exact solution up to t = al h, at which time the terms from n = 2 begin to contribute.
From equation (44),

-L(k )
<J)L(k, y, ph = ~2R([) (a/ - 2k2){[M(k) - 1]XY - M(k)X2}ePQ1

(k)Y.

This leads to

k(a 2 _ 2k2)
VxL(k, y, p, «1>2) = - R(:)(pk _ ~) ([M(k) - 1]exp[ - PY/2(k)h - PY/l (k)(h - y)]

- M(k)exp[ -PY/l(k)(2h - y)]}.

The first term of the curly brackets is of the same form as equation (61), with w = h - y and
z = h, while the second term is of the same form as equation (55), with z = 2h - y. One can
thus write the solution

_ f _ (a/ - 2kl)[M(k4) - 1] . ak4}
vx(x, y, t, «1>2) - q[e t niR(k

4
) at X4(t, X, h, h - y)

[
(a2

2 - 2k (2)M(k1) ak1]
+ q[e niR(k

1
) at Xl(t, x, 2h - y), (72)

with k4 and k1 satisfying t = Y/2(k4)h + Y/l(k4)(h - y) + k4x and t = Y/l(k1)(2h - y) + k 1x.
The inversion for other values of n proceeds in the same fashion.

Numerical results

To complement the preceding theoretical development, the response to a step time input
will now be determined from equations (51-72). In this case, boundary condition (5) reduces
to ryix, 0, t) = - jlH(t)H(x). This response is given by

v(x, y, t) = rv(x, y, r){) H(t - r) dr,
o

where v stands for either Vx or Dy, and the subscript <5 identifies the solution to an impulsive
loading; that is v(x, y, r){) is the expression contained in (51-72). For the numerical calcula
tion it is more convenient to use the identities

ak3 Y/2(k3 )

----at = (a2 2p2 _ t2)1/2 .n = 1, 2,
akn iY/n(kn)
at = (t2 - an2 p2)1/2 '

For k 4 one uses equation (65) to find

ak4 1
- = Y/l(k)Y/2(k)[XY/l(k)Y/2(k) - kY/2(k)w - kY/l(k)zr ,
at

where k on the right side is set equal to k4. By the form of akdat, i = 1, 2, 3 and equation
(B.5), one realizes that these quantities introduce singularities at arrival times. However,
these singularities are integrable.

The actual integration was performed using a Legendre-Gauss algorithm in a CDC-6600
computer. The final plot is given for the point x = 0'5h, y = 0·5h and Poisson ratio of 0·25.
In Fig. 4 the dimensionless time T = tctlh and the dimensionless velocity vy/c1 are used. The
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Fig. 4. Y Velocity for x = y = 0'5h, and Poisson ratio = 0·25.

dimensionless arrival times of the first eight waves are T = 0'500, 0'707, 1'21, 1'22, 1'50,
1'58, 1'96,2'34. The first wave is a plane wave below the load; the second, a cylindrical
dilatational wave emanating from the point x = y = 0; the third, a head wave; the fourth, a
cylindrical shear wave also emanating from the point x = y = 0; and the fifth, sixth, and
seventh, reflected waves.

In Fig. 4, one sees the jump in the y-velocity at the first wave arrival. The second wave is a
release wave which reduces the y-velocity induced by the first wave. Another jump occurs at
the arrival of the fifth wave, which is a reflected plane wave. In each case, the value of the
jump is 1/3. These graphical results are typical of results found at other points sampled in the
neighborhood of y = 0·5h. The x-velocity has no jumps and is zero up to the arrival of the
second wave.

DISCUSSION

In the present paper, impact on an elastic plate was considered. An analytical solution was
derived by the usual application of integral transforms. Then, using reflection coefficients,
ray theory was used to derive another analytical solution. By matrix theory and the use of
the interactive program Reduce 2, these solutions were shown to be equivalent. The form of
the transform of the solution, as obtained here, made it obvious that there were only
three types of integrals for the transform inversion. Thus, in the numerical evaluation for the
first five waves, one only needed to change the definition of F;(k), i = 1,2,3, to find the x or y
velocity. In fact, the program used to evaluate the y velocity was used to evaluate the x
velocity by changing a few computer cards, deleting the plane waves, and relabelling the
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output. The most important result, however, is that the two dimensional results presented
here are readily applicable to the three dimensional case to follow, just as was the case in [6].

Following the results of [6], the solution for a uniform load acting on the strip of finite
width: y = 0, -a < x < a, is then given by

SVj(x, y, t) = v/x + a, y, t) - Vj(x - a, y, t),

where the superscript s identifies the solution for the strip, and v;(x, y, t) is the solution for
the uniform load acting on y = 0, °< x < 00.

A6cTpaKT - B npe,lJ;JIaraeMOH pa60Te HCnOJIb3yeTcli He,lJ;aBHO pa3pa60TaHHbIH MeTO,lJ;, BueJIblO
nOJIy'IeHHlI pellIeHHH ,lJ;JIli ynpyroH nJIaCTHHbI no,lJ; BJIlIlIHlleM HaTpy30K c KOHe'iHbIMH xapaK
TepIICTH'ieCKIlMIl pa3MepHOCTlIMH. Onpe,lJ;eJIlilOTCli TO'iHble ,lJ;ByxMepHble npe06pa30BaHHble
pellieHlIlI ,lJ;JIli nJIaCTHHKII, BHe3anHO HarpylKeHHoH no O,lJ;HOH 113 ee OrpaHH'iaIOIUIIX nOBepx
HocTeH. LJ:JIli 06IUeH HarpY3KII npe06pa30BaHHoe peweHlle pacnOJIaraeTCli eIUe pa3 B 6ec
KOHe'iHbIe CYMMbI, KOTopble npe,lJ;CTaBJIlilOT C060H MHorOKpaTHO OTpalKeHHble BOJIHbI C,lJ;Bllra
II np0,lJ;OJIbHbIe BOJIHbI. I1HTepnpeTaUlIlI 6eCKOHe'iHbIX CyMM npoBepeHa nocTpoeHlleM xO,lJ;a
JIy'ieH. flplIMeHlIlOTcli OCTaTO'iHble BblpalKeHlIlI ,lJ;JIli BblBO,lJ;a <!>YHKUIIII rplIHa ,lJ;JIli CKOpOCTII.
):(alOTCli 'iIlCJIeHHble pe3YJIbTaTbI ,lJ;JIli BBO,lJ;a cTyneH'iaTOH <!>YHKUIIII.
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APPENDIX A

Derivation of an

Equations (46 and 47) imply the recursive relations

(A.I)

(A.2)

with the initial values al = I, b l = O. It is important to note here that these recursive relations
could easily be solved by the theory of difference equations [28, pp. 9-19]. Equivalently,
powers of the matrix uH, defined by equation (45), could be obtained by writing uH = kAk- 1

as per [29, pp. 64-67]. However, the form obtained for powers of uH is not suitable for the
required wave expansion. To find explicitly the expressions for an and bn, the algebraic
manipulation system REDUCE 2 was used in the PDP-lO version [27]. This gave the
following results:

IJSS Vol. II No. I-D
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For simplicity, only the terms for (0: + IN, i = 0, 1, 2 are indicated here. Terms for higher
values of i may be easily identified. These results led to equation (48), which was verified by
mathematical induction. When the explicit values of 0: and f3 given by (19) were used in the
recursive relations (A. 1) and (A.2) the result obtained was

an =nil

( n + r )(X nn - r- I Dr,
r=O n-r-l

This result was also verified by mathematical induction.

APPENDIX B

Properties of k 4

For the third case, the Cagniard path is given by Im[/1t(k)w + IJz(k)z + kx] = 0, and may
be found by solving

t(k) = IJI(k)w + IJz(k)z + kx (B. 1)

for k, in terms of 11', z, x and t, where t is a real parameter. For fixed values of 11', z and x, t
may be considered as a parameter which generates Path 111. By the branch cuts selected,
IJI (k) is imaginary on the real axis of the k-plane to the right of the point k = al' Since t is
real, this implies that the intercept of the path with the real axis must satisfy 0 < k int < ai'

with no branch cut contribution arising in the third case. Thus, the third case is similar to
the first case. Equation (B.l) corresponds to equations (5-5) and (I-I) of [24] and therefore
one concludes that the values of t on Path III must satisfy the inequality t ;::: alw + az z.

When equation (B.l) is rationalized one finds that

Ak4
4

- 4Kk3
4 + 2Pk/ - 4Qk4 + E = 0, (B.2)

A=Dz _4zzwz, K=txD, Q=txT

P = DT + 2t Z
X

Z + 2z Zwz(a l Z + Gz 1),

E = T l - 4zZwlallazl, D = Xl + ZZ + W Z

T = t Z - zlal
l - a[lwZ.

When 11' = 0 (or z = 0) equations (B.l and B.2) reduce to those for determining kz{x, z, t)
[or kl(x, 11', t)]. Note that z and 11' play similar roles in equation (B.l) and that 4KA- I

represents the sum of the four roots of (B.2). Thus one deduces that the root,s of equation
(B.2) differ from k z(x, z, t) and k I (x, 11', t) by terms which vanish when zh vanishes. This
limiting behavior is observed in the following approximate roots valid in the vicinity of
zw = 0: (a) the approximate root

Ak = txM + i[AM(T - 2zwalal ) - tZxlMl]l/l. (B.3)

M = Xl + Zl + 11'1 - 2zw

satisfies equation (B.2) with the last term of P replaced by 4z Zw l a l az. and (b)

Ak = txM + i{AM[T - zw(a,Z + a/)] - tlxlMZ}I/l (BA)

satisfies equation (B.2) with the second term of E replaced by - zlwZ(a l
z + a/). Numerical

results indeed verify the arguments given here.
The time t 3 required in equation (64) may be found by the following argument. The

Cagniard path corresponds to the path of steepest descent, and. hence. the intercept with the
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real axis, denoted by kS' is the solution of at/ok = 0, where t is given by (B.l); i.e.t

at'
-k) =X - Wk/l'/l(k) - Zk/1'/2(k) = 0.a k=k s

When the root ks of at/ok = °is found, then t3 = t(ks) is found from (B.l).

t k s is the saddle point.

(B.5)


